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Abstract
Let G be a nite group. The question of how the properties of its minimal subgroups inuence
the structure of G is of considerable interest for some scholars. Several authors have investigated
this question by using normal or quasinormal conditions. In this paper we use c-normal condi-
tion on minimal subgroups to characterize the structure of G through the theory of formations.
c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Fix a nite group G. A minimal subgroup of G is a subgroup of prime order. How
minimal subgroups can be embedded in G is a question of particular interest in studying
the structure of G. In fact, several authors have investigated the inuence of normality
and permutability of the minimal subgroups on the structure of G. The present paper
may be viewed as continuation of [1, 10]; to be more precise, it studies the inuence
of c-normality of the minimal subgroups on the structure of G. In order to get general
results, we work within the framework of formation theory. It allows us to obtain some
classical and recent results as particular cases and at the same time to get new ones.
All groups considered in the sequel will be nite.
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2. Preliminaries
The central concept of the paper is the following:
Denition 2.1 ([10, Denition 1:1]). Let G be a group. We call a subgroup H c-normal
in G if there exists a normal subgroup N of G such that HN = G and H \ N 
HG = CoreG(H).
It is clear that a normal subgroup of G is a c-normal subgroup of G but the converse
is not true. It is enough to consider a non-normal maximal subgroup of a solvable group.
This example also shows that there is no relation in general between c-normality and
permutability.
Denition 2.2. Let p be a prime and G a group, we dene:
Pp(G) = fx j x 2 G; jxj= pg | the set of elements of G with order p.
P4(G) = fx j x 2 G; jxj= 4g | the set of elements of G with order 4.
P(G) =
S
p2(G)Pp(G) | the set of elements of G with prime order.
P(G) =P4(G) [P(G) | the set of elements of G of prime order or order 4.
An element x of a group G is said to be c-normal in G if hxi is c-normal in G.
The following lemmas turn out to be critical in the proofs of our results.
Lemma 2.1 ([10, Lemma 2.1]). Let G be a group. Then
(1) if H is normal in G; then H is c-normal in G;
(2) if H is c-normal in G, H  K  G; then H is c-normal in K ;
(3) let K E G and K  H . Then H is c-normal in G if and only if H=K is c-normal
in G=K .
Lemma 2.2. Let G be a nite group and p a prime number.
(1) If P is a minimal normal p-subgroup of G and x 2 P is c-normal in G; then
P = hxi.
(2) Let P be a normal p-subgroup of G and x be an element of P−(P). If P=(P)
is a minimal normal subgroup of G=(P) and x is c-normal in G; then P = hxi.
Proof (1) Since hxi is c-normal in G, there exists a normal subgroup K of G such that
G= hxiK and hxi \K  hxiG. Let P1 =P \K . Since P is a minimal normal subgroup
of G, we have that P1 is either trivial or P. If P1=1, then P=P\G=hxi(P\K)=hxi.
Otherwise P1 =P and hence P  K , hxi= hxi\K  hxiG. So hxi is a normal subgroup
of G and hence P = hxi.
(2) Since hxi is c-normal in G, there exists a normal subgroup K of G such that
G=hxiK and hxi\K  hxiG. Let P1=P\K . P1 E G and hence P1(P)=(P) is normal
in G=(P). By the minimality of P=(P), either P1  (P) or P1 = P. If P1  (P),
then P=P\G= hxi(P)= hxi, as desired. If P1 =P, then hxi= hxi \K = hxiG. Since
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x 62 (P), we have that hxi(P)=(P) is a non-identity normal subgroup of G=(P).
Since P=(P) is minimal normal subgroup of G=(P), we have that hxi(P)=P=hxi.
Lemma 2.3 (Dornho [6, Theorem 2:8]). If G has a 2-Sylow subgroup P which is
quaternion-free; then P \ Z(G) \ K1(G) = 1.
Recall that a 2-group is quaternion-free if it has no any section isomorphic to the
quaternion group of order 8.
Let us give some well-known facts on formations. Denition and proofs of the results
can be found in [5].
Recall that a formation F is a class of groups which is closed under epimorphic
images and subdirect products. If, moreover, F is closed under Frattini extensions, then
F is said to be saturated. The Theorem of Gaschutz{Lubeseder{Schmid [6, IV.4.6]
states that the saturated formations are exactly the local ones. These formations are
described in the following way.
Let P be the set of prime numbers. A formation function is a function f dened
on P such that f(p) is a, possibly empty, formation. A chief factor H=K of a group
G is f-central in G if G=CG(H=K) 2 f(p) for all primes p dividing jH=K j.
Then F is local if and only if there exists a formation function f such that F is
the class of all groups with f-central chief factors. We write F=LF(f) and say that
f is a local denition of F.
It is well-known that there exists a unique formation function F , such that F is
integrated (i.e. F(p)F for all p 2 P) and full (SpF(p) = F(p) for all p 2 P,
where Sp is the class of p-groups). Such an F is called the canonical local denition
of the saturated formation F.
A chief factor H=K of a group G is said to be F-central in G, F a saturated
formation, if H=K is F-central in G; H=K is F-eccentric otherwise. A maximal sub-
group M of G is called F-normal in G if G=CoreG(M) 2 F and F-abnormal oth-
erwise. M is said to be F-critical in G if Soc(G=CoreG(M)) is the unique minimal
normal subgroup of G=CoreG(M), M is F-abnormal in G, and G = MF 0(G), where
F 0(G) = Soc(Gmod(G)). By [2, Theorem 3:5], if G does not belong to F, then G
has an F-critical maximal subgroup.
Let F be a saturated formation. A normal subgroup N of a group G is said to be
F-hypercentral in G provided N has a chain of subgroups 1=N0 E N1 E    E Nr=N
such that Ni+1=Ni is an F-central chief factor of G. The product of all F-hypercentral
subgroups of G is again an F-hypercentral subgroup of G. It is denoted by ZF(G)
and called the F-hypercenter of G.
Finally, recall that for a formation F, each group G has a smallest normal subgroup
N such that G=N is in F. This uniquely determined normal subgroup of G is called
the F-residual subgroup of G and is denoted by GF.
For the formation N of nilpotent groups, some authors prefer to write K1(G) as
GN and Z1(G) as ZN(G). (cf [7, Satz III.2.5(d)]).
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3. Results
In the following, N and U denote the formations of nilpotent and supersolvable
groups, respectively.
Theorem 3.1. Let F be a saturated formation such that NF. Let G be a group
such that every element of P4(GF) is c-normal in G. Then G belongs to F if and
only if hxi lies in the F-hypercenter ZF(G) of G for every element x 2 P(GF).
Proof If G 2 F, then ZF(G) = G and we are done. So we only need to prove that
the converse is true. Assume that the statement is false and let G be a counterexample
of minimal order. Then G 62F. Let x be an element of prime order of GF: Then x 2
GF\ZF(G) which is contained in Z(GF) by [5, IX,6.10]. Therefore every element of
P(GF) is c-normal in GF: By [10, Theorem 4:2] GF is supersolvable. In particular,
GF is solvable. By [2, Theorem 3:5], G has an F-critical maximal subgroup, M say.
Then G=MF(G) because GF is solvable. Since G=MG 62F, it follows that ZF(G) 
M . Moreover, every G-chief factor A=B below ZF(G) is actually an M -chief factor and
AutM (A=B) is isomorphic to AutG(A=B) because F(G) centralizes A=B. Consequently
ZF(G) is contained in ZF(M) and M satises the hypotheses of the theorem. The
minimal choice of G implies that M 2F:
By [3, Proposition 2] GF is a p-group for some prime p. GF has exponent p if
p> 2 and exponent at most 4 if p= 2; GF is either elementary abelian or (GF)0 =
Z(GF) = (GF). If GF were elementary abelian, then GF would be contained in
ZF(G). This would imply G 2 F, a contradiction. So p = 2 and (GF)0 = (GF).
Moreover, the similar proof as [3, Theorem 1(iv)] follows that GF=(GF) is a chief
factor of G. Since every element of P(GF) is normal in G, Lemma 2.2 implies
that GF=(GF) is a cyclic group of order 2. Since this chief factor is isomorphic to
Soc(G=MG), it follows that G=MG is nilpotent. Therefore G=MG 2 F since NF,
nal contradiction.
Some consequences of the above theorem are now given.
Corollary 3.2. Let G be a group such that every element of P4(F(G)) is c-normal
in G; where F(G) is the generalized Fitting subgroup of G. If P(F(G)) is contained
in ZN(G); then G is nilpotent.
Proof Let G be a counterexample of minimal order. If M is a maximal normal sub-
group of G, we have that F(M) is contained in F(G) and ZN(G)\M is contained
in ZN(M). So M satises the hypotheses of the corollary. The minimal choice of G
implies that M is nilpotent.
Since the class of nilpotent groups is a Fitting class, it follows that G has a unique
maximal normal subgroup, M say. The nilpotency of M implies that M is contained
in F(G) and so M = F(G). Assume that M is not a maximal subgroup of G. Then
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G=F(G) is non-abelian simple and GN = G. In particular, F(G) = G [8, X.13]. By
Theorem 3.1, G is nilpotent, a contradiction. Therefore M is a maximal subgroup of
G. Since M is contained in F(G) and F(G) is a proper subgroup of G by the above
argument, it follows that M = F(G) = F(G) and GN is contained in M . Again by
Theorem 3.1 we have that G is nilpotent, a contradiction.
Since GF is contained in G0 for all G and formations F containing N, Theorem
3.1 yields the following.
Corollary 3.3. Let G be a group. Suppose that every element of order 4 is c-normal
in G. Then G is nilpotent if and only if every element of P(G0) lies in ZN(G).
This corollary extends a recent result of Issacs [9, Lemma B] because if an element
x 2 G lies in the center of G, it implies that x is c-normal and x lies in ZN(G).
Theorem 3.4. Let F be a saturated formation containing U. Let G be a group such
that every element of P(GF) is c-normal in G. Then G belongs to F:
Proof Assume that the result is false and let G be a counterexample of minimal
order. Then G 62 F and GF 6= 1. Let M be a maximal subgroup of G such that
G=CoreG(M) 62 F and G = MF 0(G). Then G = MGF and MF is contained in GF:
So M satises the hypotheses of the theorem. The minimal choice of G implies that
M 2F.
On the other hand, by [10, Theorem 4:2] GF is supersolvable. In particular, GF is
solvable and then G=MF(G). By [3, Theorem 1 and Proposition 2], GF is a p-group
for some prime p; GF has exponent p if p> 2 and exponent at most 4 if p = 2.
Moreover, GF is either elementary abelian or (GF)0=(GF)=Z(GF) and GF=(GF)0
is a chief factor of G. In both cases, it follows that GF=(GF)0 is a cyclic group by
Lemma 2.2. Since GF=(GF)0 is G-isomorphic to Soc(G=MG), we have that G=MG is
supersolvable, a contradiction. The proof is complete.
Let us now give an interesting application of Theorem 3.4.
A classical result of Buckley [4] asserts that if G is a group of odd order and every
minimal subgroup is normal in G, then G is supersolvable. This result can be improved
by using Theorem 3.4.
Corollary 3.5. Let G be a group such that every element of P(F(G)) is c-normal
in G. Then G is supersolvable.
Proof Assume the result is false and let G be a counterexample of minimal order.
Then:
(1) G has nilpotent length at most 2.
Suppose not. Since F(N ) is contained in F(G) for every normal subgroup N of
G and the class F of groups with nilpotent length at most 2 is a saturated Fitting
formation containing U, we have that G has a unique maximal normal subgroup, M
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say and M is of nilpotent length at most 2. Assume that F(G)=G. Then, by Theorem
3.4, G is supersolvable, a contradiction. Hence F(G) is contained in M . Since M has
nilpotent length at most 2, it follows that M is solvable and so F(G) = F(G).
Let x 2 P(F(G)). By hypothesis, hxi is c-normal in G. So there exists a normal
subgroup N of G such that G = hxiN and hxi \ N is contained in hxiG. If N were a
proper subgroup of G, then N would be contained in M . This would imply that G=M ,
a contradiction. Therefore hxi is normal in G.
Let T be the subgroup generated by P(F(G)). If x 2 P(F(G)), then hxi is a
normal subgroup of G and so G0 centralizes hxi. In particular, G0 is contained in CG(T )
which is a normal subgroup of G. Now F(CG(T )) is contained in F(G) = F(G)
and so P(F(CG(T ))) is contained in Z(T )  ZN(G). By Corollary 3:1, CG(T ) is
nilpotent. This means that G0 is nilpotent and then G has nilpotent length at most 2,
a contadiction.
(2) Conclusion
Consider GN, the nilpotent residual of G. Then GN is nilpotent by (1). Consequently
GN is contained in F(G)=F(G). In particular, GU is contained in F(G)=F(G) and
so every element of P(GU) is c-normal in G. By Theorem 3.4, G is supersolvable,
nal contradiction.
The following technical lemma is needed in the proof of our next result.
Recall that if F is a formation, Char (F) is the set of all primes p such that the
cyclic group of order p is in F.
Lemma 3.6. Let F be a saturated formation such that 2 2 CharF. Let G be a
group such that the Sylow 2-subgroups of GF are quaternion-free. Then every chief
factor of G below GF whose order is divisible by 2 is F-eccentric.
Proof Suppose that the result is false and choose for G a counterexample of the
smallest order. Then GF 6= 1. Let N be a minimal normal subgroup of G. Since the
lemma holds in G=N and (G=N )F = GFN=N , it follows that G has a unique minimal
normal subgroup N and N is contained in GF. Moreover, 2 divides jN j and N is
F-central in G. Hence N is actually contained in Z(GF). Assume that the nilpotent
residual (GF)N of GF is not trivial. Then N is contained in P \ (GF)N; where
P is a Sylow 2-subgroup of G. By our hypothesis, we have that N is contained in
P \ Z(GF) \ (GF)N: This contradicts Lemma 2.3.
Consequently, GF is nilpotent and GF is then a 2-group. This implies in particular
that F(G) is a non-trivial 2-group. Denote A = GF: Since G=A 2 F; we have that
(G=A)=O20(G=A) 2 F(2), where F is the canonical local denition of F. Suppose that
G=A 2 F(2). Then G 2 S2(F(2)) = F(2)F, where S2 is the class of 2-groups, a
contradiction. So G=A 62 F(2) and then (G=A)F(2) = GF(2)=A 6= 1 and it is contained
in O20(G=A). On the other hand, G=CG(N ) 2 F(2). So GF(2) centralizes N and N 
Z(GF(2)). By Dornho’s result, Lemma 2.3, GF(2) is nilpotent. Then GF(2) is a 2-group
contained in F(2), a contradiction. This completes our proof.
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Theorem 3.7. Let F be a saturated formation such that UF. Suppose that G is a
group such that every element of P(GF) is c-normal in G. If GF is quaternion-free;
then G belongs to F.
Proof Assume that the result is false and choose for G a counterexample of smallest
order. Then GF 6= 1. Suppose that GF is not 2-nilpotent. Then GF has a subgroup K
such that K is not 2-nilpotent but every proper subgroup of K is 2-nilpotent. Then by
[7, IV.5.4], K=K2Kq where K2 is a normal Sylow 2-subgroup and Kq is a non-normal
cyclic Sylow q-subgroup for some odd prime q. Let H be the saturated formation
of 2-nilpotent groups. Then 1 6= KH is contained in K2 and every chief factor of K
below KH is H-eccentric by the Lemma 3.6. Let E be a minimal normal subgroup
of K contained in Z(KH). If EKq<K , then E is central in K and so H-central, a
contradiction. Hence KH=K2 is a minimal normal subgroup of K . By Lemma 2.2, K2 is
a cyclic group of order 2. This means that K is supersolvable and so K is 2-nilpotent,
a contradiction. Consequently GF is 2-nilpotent. In particular, GF is solvable. Let
M be a maximal subgroup of G such that G = MGF and G=CoreG(M) 62 F. Then
G =MF(G). By [3, Proposition 2], GF is a p-group for some prime p. By Theorem
3.4, p=2 and (GF)0=Z(GF)=(GF). Moreover, GF=(GF) is a chief factor of G
by [3, Proposition 2]. By Lemma 2.2, GF=(GF) is F-central in G. This contradicts
Lemma 3.6. The theorem is now proved.
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